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Abstract—The essential non-uniform distribution of particle mass concentration, with vivid maximum
value inside the two-phase laminar boundary layer developed in the flow past a flat plate, has been found
by experimental investigation. The mathematical model based on the approximation of the dispersed phase
within the viscous fluid, taking into consideration pseudoviscosity coefficients, has been elaborated for
description of the motion and distribution of solid admixture. The dispersed phase is considered as a
polydispersed phase, which consists of a finite number of particle fractions. The numerical results from
the simplest version of the model are in good agreement with the experimental results, which indicates
a principal possibility of applying the given mathematical model for flows of similar type.
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1. INTRODUCTION

A large number of manufacturing and natural processes are connected with the motion of particles
in gas flows, e.g. combustion of solid fuels in thermal power stations, dust collection, pneumatic
conveying and admixture diffusion in the atmosphere. The sedimentation of solid particles on
streamlined surfaces can be included in these processes. The given investigation was carried out
within the international project “Mars 94/96”. The definition of the quantity of Martian dust
sedimentation on the apparatus surfaces is of great importance in forecasting their security
performance. One of the problems was to estimate the maximum possible value of particle
sedimentation on the baloon surface. The sedimentation quantity was stipulated by particle motion
near the streamlined surface. The laminar boundary layer was formed on the surface of the balloon
while it was moving in the dusty Martian atmosphere. Thus, the object of the given investigation
was to study the mechanism of particle motion and distribution inside the laminar boundary layer.
Laminar flow past the unyawed flat plate by vertical two-phase flow for the Reynolds numbers
10>-10* was considered. Knowing the distribution of particle mass concentration in such a
two-phase laminar boundary layer, we can determine the sedimentation intensity of solid particles
on the surface.

A suitable experimental rig has been built in our laboratory for investigating the motion of solid
admixture in the vicinity of streamlining bodies. The measurements of relative particle mass
concentration and velocities of both phases were carried out using laser diagnostics. Experimental
investigations have essentially shown non-uniform distribution of particle mass concentration with
the maximum value inside the boundary layer, which substantially differs from that obtained
according to well-known theoretical conceptions (Soo 1971; Osyptsov 1981; Amsolov 1992).
According to these conceptions, the maximum particle concentration is on the plate surface. The
mathematical model, not considering the dispersed medium as an ideal gas, but as a Newtonian

tTo whom all correspondence should be addressed.

1141



1142 M. HUSSAINOV et al.

viscous fluid and introducing pseudoviscosity coefficients, was elaborated for describing such a
distribution of particle mass concentration. These pseudoviscosity coefficients are determined by
the consideration of the interparticle collision mechanism and they characterize the diffusion of
mass and the momentum of the dispersed phase. Since in manufacturing and in nature the
composition of real powders are polydispersed and the particles have an irregular form, the
assumption of monodispersity of the dispersed phase cannot adequately describe the motion of
particles in various phenomena. Therefore, to describe the behaviour of the dispersed phase, it is
necessary to take into account its real composition. The presented mathematical model considers
the dispersed phase as polydispersed, consisting of a finite numer of particle fractions with different
sizes. Since the particles of different sizes have different velocities along their paths, the interparticle
collisions are taken into account. Simulation of specific boundary conditions on the surface and
in the outer part of the boundary layer is a pecularity of the presented model. By applying such
a method we can correctly describe the experimentally observed distribution of particle mass
concentration near the surface.

2. EXPERIMENTAL STUDY

The experiments were carried out in a disconnected vertical two-phase wind-channel with an
open working space (figure 1). The aerodynamical bench consisted of the following parts: a main
channel for formation and transportation of two-phase flow; a channel of concurrent pure air flow;
a device for formation of a flow field with the given parameters in the working space of the
wind-channel; and a dust suck-out channel. Also, the aerodynamical bench included a blower,
particle screw feeder, air flow governor, a thermocontroller, a particle screw feeder, a flowmeter,
a pressure converter and optical registering, controlling and processing systems.

The wind-channel functioned by injecting a solid suspension into the open working space with
given parameters and subsequent ejection through the diffuser. The two-phase flow was set up by
forming a device consisting of a cylindrical tube with a diameter of 100 mm and length of 3 m. The
tube was installed along the axis of the forming device. After exiting the cylindrical tube and passing
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Figure 1. Aerodynamical bench: 1, main channel; 2, channel of concurrent pure air flux; 3, a dust suck-out

channel; 4, a device for formation of the given flow field; 5, blower; 6, particle screw feeder; 7, air flow

governor; 8, thermocontroller; 9, flowmeter; 10, pressure converter; 11 He-Ne laser; 12, transmitting

optics; 13, receiving optics; 14, registering, processing and controlling system; 15, confuser; 16, system of
grates; 17, particle screw feeder.
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Figure 2. The particle mass distribution for the average particle diameter § =23 ym.

through the system of grates, the formed two-phase suspension expanded and entered the open
working space supported by the concurrent flow of pure air on either side. Three grates, with mesh
sizes of 0.63, 0.315 and 0.15 mm at an interval of 12 mm, were used for smoothing the parameters
of inflow. The uniformity of the two-phase flow with the given parameters was obtained by varying
the pure air flow in one of the channels, the two-phase flow in another and also in the dust suck-out
channel.

The distributions of the local averaged parameters (velocity and particle mass concentration) of
the two-phase flow in the vicinity of a flat plate were measured with the help of a forward-scatter
laser Doppler anemometer (LDA) and laser concentration measurer (LCM) (He—Ne laser, sending
and receiving optics in figure 1). The optical parts of the LDA and LCM have been installed on
a special coordinate device controlled by a PC. This allowed scanning of the flow continuously or
discretely in any given direction with an accuracy of 0.1 mm. The optical system included a 50 mW
helium-—neon laser. The LDA receiving optics contained two channels: one has been tuned for
registering signals from small flow tracers and the second for measuring the dispersed phase. Each
channel consisted of receiving optics, fiber cable, a photomultiplier (PM) and a special counter
processor. Tuning of the channels was based on the amplitude discrimination of the Doppler
signals. The channel of the dispersed phase has been tuned for registering signals only from the
particles of this phase by selecting the geometry of reception and sensitivity of the PM. The
measurements of particle mass concentrations were based on measuring the light intensity of the
beam scattered at some angle and an attenuated direct beam in the optical heterogeneous medium.

Manufactured abrasive electrocorundum powders (Al,O5; p, = 3950 kg/m’), while average
particle sizes of 12, 23 and 32 um, were used in the experiments. A large number of natural and
manufactured dispersed abrasive materials have a granulous form and a high polydispersity, i.e.
they contain particles with different sizes. Since the physical properties of the dispersed systems
depend significantly on the fractional composition of the powders, it is necessary to know the
particle size distributions and thus analysis of the polydispersity of the applied powders was made
beforehand. The results of this analysis for the standard powder M28, as an example, are presented
in figure 2 (here the mass content M of the given fraction is laid out along the ordinate and the
lower and upper limits are given on the abscissa). A stainless steel flat plate was used as a model
for investigations. It has the following dimensions: length 500 mm, width 100 mm, thickness 2 mm.
The leading edge of the plate is wedge-shaped with a single bevel of the rear surface of the plate.

The model was installed into the uniform, completely formed, vertical, two-phase flow with the
settled parameters. The distributions of gas velocity U, and relative mass particle concentration
o /o, in the working space of the wind-channel are presented in figure 3 where o, = p. /p and p, p..
are densities of the gas and dispersed phase in the stream flow, respectively. The diameter of the
uniform flow in the working space was 150-180 mm depending on the stream velocity. The main
parameters of the experiments (U, §, p,, ) were stipulated by the steady formation of the two-phase
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Figure 3. Profiles of the axial velocity component (—+-+-) and particle mass concentration (- x —x —)
in the working space of the wind-channel.

laminar boundary layer on a plate and by uniform feeding of the dispersed phase into the working
space of the wind-channel. The values of stream velocity were 1.5 and 3 m/s. The Reynolds number
Re, in the investigated cross-sections of the plate did not exceed 4 x 10* The concentration of solid
admixture was due to the absence of feedback of the solid phase to the carrier flow (p,« 1) and
equalled p,,. =0.01 kg/m’.

The main error in the measurements of particle mass concentration in the boundary layer is
stipulated by time instability and by the non-uniformity of the particle concentration over the
cross-section of the stream flow. The non-uniformity of the particle mass concentration for various
particle sizes is almost the same and does not exceed 5%. The time instability of the concentration
is caused by functioning of the particle screw feeder and by particle sedimentation on the walls
of the main channel of transportation of the two-phase flow and on the surfaces of the forming
device. This instability became apparent only for 12 um particles due to their high adhesiveness.
The concentration profiles have been obtained by averaging data from more than 10 measuring
series for every cross-section of the plate. Experimental uncertainties for particle mass concen-
tration were as follows: for 12 um particles < 15%; for 23 and 32 um particles < 10%.

Profiles of the relative particle mass concentration in the two-phase laminar boundary layer on
a flat plate in the cross-sections X = 50, 100 and 170 mm are pesented in figures 4 and 5. The
experiments show that the given non-uniform concentration profiles have already been formed at
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Figure 4. Experimental profiles of the axial velocity component of gas (—, U/U,,) and particle mass
concentration o/a, for the free stream velocity U, =1.5m/s and 6 =23 ym: — , X = 50 mm; ----- ,

X =100mm; —-——, X =170 mm.
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Figure 5. Experimental profiles of the axial velocity component of gas (——, U/U,,) and particle mass
concentration a/a, for the free stream velocity U, =3m/s and é =23 ym: =, X = 50 mm; ----- R
X =100 mm; —-—-— , X =170 mm.

the leading edge of a flat plate (at a distance of 10 mm from the leading edge) and remained almost
the same downstream. As follows from these charts, the distribution of particle mass concentration
reaches a maximum for both free stream velocities (1.5 and 3 m/s). The value of concentration
maximum increases along the plate from the leading edge and holds downstream while its
self-similar coordinate decreases. Figures 6 and 7 show the influence of particle size on the
distribution of particle mass concentration. The distribution of particle mass concentration has a
maximum for all the investigated particle sizes (12, 23 and 32 ym).

3. THEORETICAL MODEL

3.1. General remarks

The solid particle-laden laminar boundary layer, developed when flowing past an unyawed flat
plate, is considered within the Eulerian approach where the dispersed phase is modelled as a
continuous medium. The dispersed phase is described within mutually-penetrating continua by
Nigmatulin’s theory (1978), since the interparticle distance e is much smaller than the characteristic
flow scale, which here is the thickness of the boundary layer A. This also emanates from the
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Figure 6. Experimental profiles of the axial velocity component of gas (——, U/U,) and particle mass

concentration o/o,, for the free stream velocity U, =1.5m/s and cross-section X =100 mm: —,
6 =12 um; ----- , 0 =23 um; —-—-—, ,0=32um



[146 M. HUSSAINOV et al.

5
L)
~
e
4 / P
rd '
m 3 > v
. .
/, e
2 -
/ // -
1 : -
/ , I
0 /.-
0 0.5 1.0 1.5 2.0 2.5
U/Uy, otftty,
Figure 7. Experimental profiles of the axial velocity component of gas (——, U/U, ) and particle mass
concentration o/a, for the free stream velocity U, =3m/s and cross-section X = 100 mm: R
6 =12 ym; —--- ,0=23pum; ——— 8 =32pum

necessity of theory validation. As our calculations show, e.g. for 10 um particles with a particle
mass concentration «,, = 0.01, the ratio //A is an order of (I/A)~ O(107").

Unlike the approach of an ideal gas for description of the dispersed phase in a two-phase laminar
boundary layer (Soo 1971; Osyptsov 1980; Asmolov 1992), the transport equations of particle mass,
linear and angular momenta of the dispersed phase are written using the approximation of the
Newtonian viscous fluid for that phase. Soo (1971), Osyptsov (1980) and Asmolov (1992) calculated
the two-phase laminar boundary layer on a flat plate with monodispersed particles and, also,
Asmolov (1992) took into account the influence of the Saffman force on the motion and
distribution of the dispersed phase. Therefore they considered only the convectional transfer of the
dispersed phase in the boundary layer. We account for, in addition to the convectional transfer
and particle—gas and particle-wall interactions, the diffusion transfer of the particles, which is
described by considering the interparticle colliston mechanism. As a result of such a theoretical
description, the pseudoviscosity coefficients of the dispersed phase v!, vZ, vl D, are brought into
consideration. Interparticle collision results from velocity differences of single partilces in the real
two-phase flows. The differences in particle velocities in turn have been stipulated by the
polydispersity of the real solid admixture content. As experimental data show, the content of the
electrocorundum powder is non-uniform and the particles themselves have an irregular form. The
particle mass distribution against the particle size is shown in figure 2 for the electrocorundum
powder with a mean particle size § =23 um. The root-mean-square deviation of particle sizes is
up to 30%.

For the mathematical description of the solid admixture the real continuous particle size
distribution is modelled by the finite number of particle fractions of discrete size. Each fraction
is characterized by its own properties, such as particle size, concentration and velocity. This allows
the colliston process between particles having different velocities to be taken into consideration.
We can write the transport equations and set the boundary conditions for each particle fraction.
The correlations between the different particle fractions are calculated by introducing the
pseuodviscosity coefficients derived from the collision mechanism.

We restrict our consideration by the description of two-dimensional motion of a two-phase flow
in the laminar boundary layer. The composition of the polydispersed admixture is modelled by
three fractions of particles: the fraction which contained the particles with the largest percent by
mass (the so-called “‘main fraction” and denoted by index 2) and two additional particle fractions
with smaller percents by mass. One of these additional fractions (index 1) consists of particles of
a smaller size than the size of the particles from the main fraction. The other additional fraction
(index 3) includes particles of a larger size in comparison with the particles from the main fraction.
The dispersed phase is considered in the model as a polydispersed phase and is characterized by
the following quantities: the particle sizes of the fractions J, < d, < d,; velocity projections
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Uy, Uy, g, Uy, Us, Vg in the streamwise and transversal directions, respectively; angular particle
velocities w,,;, Wy, wgy and particle mass concentration of the fractions a,, a,, a;.

The impact of the carrier fluid on the motion of the dispersed phase in the laminar boundary
layer is realized via the drag force and two lift forces—those of Magnus & Saffman. The particles
obtain their rotation by interaction with the surface of a plate. In addition to the transport equation
of particle mass and the linear momentum of the dispersed phase, the transport equation of the
angular momentum of particles is considered in the presented model. This equation is derived from
the formula which describes the damping of the angular velocity of a single particle in the viscous
medium (Rubinow & Keller 1965). By applying the spatial averaging method (Nigmatulin 1978)
to this equation and to the equations of the translational motion of a single particle, we obtain
the equations for describing the dispersed phase as a continuum. There is a prerequisite for the
action of the Saffman force in the laminar boundary layer, since the parameter u/\/v(du/0y)
(Saffman 1961) is of a unit value unlike in the turbulent boundary layer, where it is much higher
than a unit. Here u is the streamwise velocity component of gas and v is the laminar viscosity of
gas. The gravity force is neglected due to the insignificance of the particle settling velocity relative
to the particle velocity originating from the drag force. Other force factors (the Basset force, the
force of added masses) have also been neglected, since the ratio of particle material density to the
gas density is very high.

3.2. The equations and boundary conditions

Let us consider the two-dimensional motion of both phases in the laminar boundary layer. The
equations of the two-phase laminar boundary layer in the Cartesian coordinate system are:
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where v is the transversal gas velocity component and v is the particle diffusion velocity and p
and p, are the gas and particle material densities, respectively. The drag coeflicient Cy, for different
Reynolds numbers of a particle Re,= 6ﬂu —u)’+ (v —v,)*/v is determined according to
Kravtsov (1968) by the formula

24
Ch=p=1+ 0.275./Re, + 0.0138 Re,. [7]

P

The density of the dispersed phase p; is related to the density of incompressible gas p by p, = ap,
which is valid if the volumetric concentration of particles is very low, i.e. f «1. 1, 7, are the shear
stresses of the gas and dispersed phases, respectively, and p, is the normal stress for the dispersed
phase. K, = 1.61 is the numerical constant (Shraiber et al. 1980).

We suggest that the behaviour of the dispersed phase obeys the approximation of the Newtonian
fluid. Therefore, analogously to the gaseous carrier fluid the stress tensor components of the
dispersed phase are correlated with the rate of strain via the introduced pseudoviscosity coefficients,



1148 M. HUSSAINOV er al.

which can be written in the simplest form using the approximation of laminar boundary layer
(Schlichting 1974):

T vaa—y, [8]
v = 2 9]
s = PsVs a—V °
v,
=2pvi .
Ps=20:Vs 7 [10]

We consider that the cross-product term {w, vy > in [6], describing the transport of particle rotation,
can be analogously obtained by using the approach of the mixing-length theory according to
Tennekes & Lumley (1972). Introducing the pseudoviscosity coefficients vZ, we can write:

Jw.
Py = —povi oz [1]
ay

where { - -+ > and further means an ensemble average. We also assume that the diffusive flow rate
of particle mass is determined via the gradient of the concentration and pseudoviscosity coefficients
analogously to the procedure for the molecular diffusion of gases.

The pseudoviscosity coefficients for the particle mass transport equation, for the momentum
balance in streamwise and transversal directions and for the angular momentum balance of the
dispersed phase are D,,v! vZ,v}, respectively. These coeflicients describe the transfer of mass,
momentum and angular momentum of the dispersed phase by the diffusion process (originating
from the interparticle collisions). This transfer is considered in addition to convectional transfer
and the interphase momentum exchange, which is caused by various forces (the viscous drag force,
the Saffman and Magnus lift forces). The pseudoviscosity coefficients are varied both over the width
and length of the boundary layer. As the calculations show, the values of these coefficients at the
leading edge of the plate, where the distribution of velocity of the dispersed phase changes from
uniform in the free stream flow to typical in the boundary layer, are comparable with the value
of coefficient of laminar viscosity of the carrier fluid.

These transport equations are the continuity equation [1] and the momentum balance of gas [2],
the transport equation of particle mass [3], the momentum balance of dispersed phase in streamwise
and transversal directions [4] and [5], respectively and the transport equation of angular momentum
[6] of the dispersed phase. The equations are obtained by applying Nigmatulin’s theory of
mutually-penetrating continua. On the right-hand side of the equations of the momentum balance
of the dispersed phase in the streamwise {4] and transversal directions [5], the drag force and
Magnus and Saffman lift forces are taken into account. We write transport equations for each
particle fraction denoted by the index “‘i”. The pseudoviscosity coefficients vi;, D,; for each particle
fraction can be determined by knowing the velocity and mass concentration fields of interacting
fractions, 1.e. ug, vy, w,, %,. We consider one-way coupling because of the small particle mass
loading (0.01 kg dust/kg air).

For transformation of the equations to the new coordinate system with the self-similar variables
x =x,n =y/U/vx,ie. using transformation as in the work by Anderson et al. (1990), let us write
[1}-]6] with {8]-[11] in the following form:

oU nol ov _

o 3wt " 2]
o0 [ nOl00 o0

i | i i
XU Ox +|: 2 :l on  on?’ (131

0 = o[ (- nUN]_ é[Dyox
ﬁa[ﬁa,vsiwa—[a,(n— > )J—%[———} [14]
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where U=u/U,, U,=u,/U,, V=v/xU,, V,=v4/x/VU,, &;=w,6,]2U,, & = o;/a, are
non-dimensional stretched variables, the local Reynolds number Rex = U_x /v, the Reynolds
number of particles for different fraction Re,, = U, 6,./(U— U, +(V — V,,)*/v and U,., a,, are
the velocity and particle mass concentration of free stream, respectively.

One can see that the equations of the two-phase laminar boundary layer include non-self-similar
terms, which depend on the axial (streamwise) coordinate “x”. They characterize the influence of
the force factors in the equations of momentum balance and angular momentum balance of the
dispersed phase. One can also see that, as far as the axial coordinate extends, the ratio §;/x decreases
resulting in the reduction of the influence of force terms. The first terms on the right-hand side
of the equations of particle mass transfer [14], momentum transfer in axial [15] and transversal
directions [16] and angular momentum transfer [17] describe the diffusion of mass, momentum and
angular momentum of different fractions and are determined via the introduced pseudoviscosity
coefficients of the dispersed phase v!, v2, v}, D,. The tems in square brackets on the right-hand side
of the equations of momentum balance, [15] and[16], characterize the impact of the drag force and
the Magnus and Saffman lift forces, respectively. The fourth term takes into accocunt the influence
of the Saffman force and the last term on the right-hand side of [16] is a sequence of the transform
of equations into a new self-similar coordinate system. The second term on the right-hand side of
the equation of angular momentum balance of the dispersed phase [17] reflects decaying of the
rotation of solid particles in the viscous medium.

3.3. The initial and boundary conditions

Since one-way coupling is considered in the given model and, hence, the non-self-similar terms
(the force factors) on the right-hand side of [12] and [13] are absent, we have self-similar velocity
distribution of gas in the new coordinates x, #. This solution results from the joint decision of [12]
and [13] for x =0. The initial fields of axial velocity components of the solid phase of different
fractions and particle mass concentrations are set as uniform distributions in the cross-section of
the boundary layer:

U,=1, [18]
@G =a,=02, a=0.6, [19]

where &, is the initial value of relative particle mass concentration for the main particle fraction,
&, and &; are the initial values of relative particle mass concentration for other particle fractions.
The distribution of transversal velocity components of the dispersd phase at x =0 is set as:

Vy=0. (20]
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The initial fields of angular velocity of different particle fractions are set uniform in the cross-section
of the boundary layer and their values are obtained using the formula from Babukha & Shraiber
(1972):

Oy =(1—-k)U,. {21]

Thus, the solid particles entering the boundary layer collide with the plate surface and obtain
rotation due to the roughness of the plate surface. The rotation of particles depends also on the
friction coefficient k, (in calculations k&, = 0.75), which can be varied, in general, according to
Bubukha & Shraiber (1972) in the range —1 <k, < 1.

We set the boundary conditions for the equations of the gaseous phase as sticking and
impenetrability conditions at the surface:

U, =0, [22]

V], =0. (23]
At the outer part of the boundary layer we set the axial velocity component of gas equal to the
velocity in free stream and the gradient of the transversal velocity equal to zero:

U, =1, [24]
ov
| = 0. [25]

The boundary conditions for the equations of the dispersed phase, i.e. for the equations of the
streamwise particle velocity component and the particle angular velocity, are set assuming the
relative particle velocity along the surface as in the theory of rarefied gases (Chapman & Cowling
1960). The given expressions include the recovery coefficients of linear and angular momenta of
particles at the interaction with the surface:

_ al,
B si , 26
=gt [26]
dd
Dy . 27
wSIIW ')(l) a H" [ ]
where the recovery coefficients y,, y,,, according to Chapman & Cowling (1960), are determined
as:
o= 7 /, [28a]
(2-1.)
Yo = =1, [28b]
.f(‘l}

The formulae for f, and f,, are obtained using the results of Babukha & Shraiber (1972). Then one
can write:

fo= Qi%?—k—) , [29a]
fo= w . [29b]

The friction coefficient k, introduced by Babukha & Shraiber (1972) neglects the relative velocity
of particles along the surface and thus differs from those introduced by Matsumoto & Saito (1970),
who considered two types of particle-wall interaction—with and without relative velocity along the
surface.

For the transversal velocity component of the dispersed phase the impenetrability conditions at
the surface for each particle fraction are set as:

V.|, =0. (30]

To explain the boundary conditions for particle mass concentration at the surface we consider the
balance of mass flow rates near the surface in the volume element with thickness A, and length
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A, along the plate surface. For a given volume element the difference between the input and output
mass flow rates in the axial direction is not equal to zero due to the sliding friction of particles
against the plate surface. The total mass flow rate in the axial direction can be balanced by the
convectional and diffusion particle transfers in the transversal direction. But, as the convectional
transfer in the transversal direction is negligible due to the insignificance of the transversal particle
velocity component near the surfae, we only take into account the diffusion transfer. Thus, we may
write the boundary condition for the particle mass concentration as follows:

=& f(x). (31]

w

The expression for function f(x) in the new coordinates is written as follows:

foy=Coxf 1+ 0:-0.) 32

During the interaction of a particle with the surface it loses velocity. This velocity loss is determined
as U, = U,[(5+ 2k,)/7] according to Babukha & Shraiber (1972). We calculate the velocity loss on
the length A,. The coefficient C, in [32] equals a ratio of A, and A,. We assume in the calculations
that A, = An and A, = Ax, where An and Ax are the calculation steps in the transversal and
streamwise directions, respectively. So we may write that C, = Any/Ax.

In the outer part of the boundary layer the streamwise velocity component of the particles and
particle mass concentration of different fractions are set equal to those in the free stream

Usi'oo = la [33]

(@ =), =02, al,=0.6. [34]

The gradient type of boundary conditions are set similar to those of the gaseous phase for the
transversal velocity component and particle angular velocity in the outer part of the layer. But,
unlike gas, we equal the velocity gradient to the constant, which in turn may be determined as a
streamline inclination in the outer part of the layer towards the particle velocity direction of the
free stream. Thus, we suggest the existence of some definite particle flow rate coming from the free
stream into the boundary layer. This constant does not depend on particle size. The boundary
conditions for both the transversal and angular particle velocities in that case can be written:

oV, 0

n | on

The constant C, is computed from good agreement with the experimental data and according to
our investigations C, = 0.1 for all experiments.

Equations [12]-{17], with [18]-{21] and boundary conditions [22]-[27], [30], [31], [33]-{35], are

numerically calculated by the tridiagonal algorithm using the six-point formula for the numerical

scheme. Linearization of a non-linear terms on the left-hand side of the transport equation is

carried out by Newton’s method (Anderson et al. 1990) and for the approximation of the
derivatives in the transversal direction the upwind differences were used (Roache 1980).

=G, [39]

x

3.4. Pseudoviscosity coefficients

For the definition of the pseudoviscosity coefficients D,;, v., let us start by considering binary
particle collision with using the formulae from Chapman & Cowling (1960). Let the principle
diameter be §,, J,, particle masses m, , m,, their inertia moments [, I, and the linear velocity V,, V,
and angular velocities w,, w,, respectively. Then, according to Chapman & Cowling (1960), taking
into account the restitution coefficient k; for the normal velocity component and the friction
coefficient k| for the tangential velocity component of colliding particles introduced by Babukha
& Shraiber (1972), the velocity differences after and before collision can be calculated:

S (1 — k)L G+ 80y
VI—VI_/ZI{(I ki)le- (V, Vl)]e+—(1+g) |:e><(V2 0 -5 :lxe}y [36]

1 — k! 5,0, + 6,0,
Vim Vamrad 0 —kote- 0= Vle+ (D8 ex i m v - TR el o
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, ya (k= 1) 2 5 5
w,_wl=2'(l—+5&{8~1e x (Vy,— V1)+w1+5—ja)2—<e-wl+§?e-w2>e}, [38]

, yatk = 1) {2 5 5
w2~w2=~'zl—+5~{5—2ex(V2— V1)+w2+6—;w2—(e~w2+5—;e-w,>e}, [39]

where the unit vector direction e is determined by the angle 6 and the distance y between the
colliding particles at the moment of their collision, for the fixed angle ¢ according to figure 8. The
linear velocities of both particles after collision are V|, V3 and the angular velocities of the particles
after collision are w/, w;. The relative particle mass for the first and second particles are calculated
as ¥, = (m;/m; +m,) and y,, = (m,/m, + m,), respectively. The coefficient { i1s determined as
{ = 41/(md>) and for the spherical particles { = 0.4.

These velocity differences can be considered as the particle velocity fluctuations. Let us write
them in the coordinate system related to the first particle. For this reason let us direct the axis 0¢
along the particle velocity vector V,, and axis Oy normal to it in the plane of linear velocity vectors
V,, V, and the axis 0z normal to the plane £0#, i.e. along the particle angular velocity vector (figures
8 and 9). The expressions for the velocity differences in the new coordinate system for the first and
the second particles are defined by [A1]-[A6] in appendix A. By rewriting the obtained expressions
within the Cartesian coordinate system, which is related to the plate, one can obtain [A7}-A10]
for the velocity differences, as presented in appendix A.

In order to determine the stress tensor components, we multiply the different fluctuating
velocities of the particles [A3], [A6]-[A10], as presented in appendix A, and average the product
over the two angles 6, ¢ and the parameter y. Let us consider the following combinations:

ui; —u)wn—v)), ((u—uy Y. =)D, @ —o)@h—1v)),
Ly —up )y — 7)., {(uj;— u)>, vih—wv )2>7 {wiy=w) @i —v)).

For example, in one particular case the averaging procedure is as follows:

2n 1 @2
i IJ dHJ xdxj (uy,—u)(yn—0,)de
Luty— ) (U — 0))p = - — 2 ’ L : [40]

27 @y J‘
x dx
0

which is the same for other combinations.

0 —

Figure 9. Schematic diagram of particle collision
Figure 8. Schematic diagram of particle collision in space. in plane.
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The angle 6 changes in the range 0 < 6 < 27 and the parameter y, written in polar coodinates,
is varied as 0 < y < 1. The range of variation for the angle ¢ is determined from the correlation
of transversal and streamwise velocity components of different particle fractions:

tg oy =tg(y— ) = -

For the turbulent motion Babukha & Shraiber (1972) have assumed that this angle changes
within 0 < ¢ < 2z, which results from the suggestion that the particles approach each other with
equiprobability from all directions. This approximation fails for the laminar ordered flow. Thus,
we suggest that in this case the particles collide only from the windward side of their surface. The
application of the averaging method to all the above written correlations gives the stress tensor
components of the dispersed phase. To obtain the sought pseudoviscosity coefficients, we multiply
the stress tensor components by the interparticle collision time, thus we determine this stress tensor
over the volume element. The time period between collisions of two particles A7 is determined via
the probability of collision as presented by Sommerfeld & Zivkovic (1992). Considering the
probability of collision, which obeys a binomial distribution and which can be converted into a
Poisson distribution, the authors estimate this time for the simplest case—for at least one collision.
In this particular case, they assume the probability of collision is less than 0.02, when the
interparticle collision time Az is small (in their cases of mass loading 0.1-3 kg dust/kg air). Hence,
by knowing this probability of collision the authors determine the interparticle collision time. For
determining the probability of collision of particles Trushin & Lipatov (1963) considered the case
of the ordered oncoming motion of suspended particles. The found probability is proportional to
the square of the collision cross-section of colliding particles, with the diameters §, and ,. Using
the expression for the probability in the simplest case for at least one collision

(8 + 9,y

d 4>’

[42]
we can estimate the order of magnitude of the probability of collision. Since the average distance
between the particles is an order of / = (20-30)é for considered mass loading, then in our case the
probability is less than 0.01. As we can see, this value is compared with that obtained by
Sommerfeld & Zivcovic (1992). The obtained expression for the probability of collision is used for
determining the interparticle collision time and, thus, the pseudoviscosity coefficients.

Let us define the expression for the pseudoviscosity coefficients. For this we consider the collision
of a single particle of the first particle fraction (index 1) with a number of particles from the second
particle fraction (index 2), and so the probability of collision can be written in this particular case
according to [42] as:

(0, +6,)’
Toan
where the interparticle distance /, is taken for the second particle fraction and is calculated as
l, = 6,/ (p,/paz). Then the interparticle collision time can be calculated according to Marble (1964)
as follows:

P [43]

4P

At = 5 .
(S + 0, ) m|V, — V3l

(44]

n, is the numerical concentration of particles of the second fraction. Taking into account the above,
one can obtain the pseudoviscosity coeflicients, for example, for the first fraction of particles, as

follows:
- ;o o 3/ Pp 0205 (U1, —u)) (v, —v,))
va =Ly —u)vn—0v))At = ,paz V' + V,)E" s (45]
2 s y2 3/ Pp Oy {((v1; — )
va=eh—v)DAr = P_;z V, + V,)E! s [46]
, , Pp 0205 (W), —w) (Wi — 1))
Vi = K@ = @) Eh — o)A = T S [47)

UMF 21/6—L
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_ , , 2 _ 3/ Pr 0,0 [{(ui, — ) )> + {03 — 1))
Dy =[ul, —u)) + i, —v)D)Ar = ° E (V,+ Vy)E? > [48]

where E?' = [¢n \/ 1 —k?,c0820.5¢ do is the incomplete elliptic integral of the second type
calculated by Byrd & Friedman (1971) with the parameter k3, = 4V, V,/(V, + V,)%. The upper index
in the expressions of pseudoviscosity coefficients points out the corresponding transport equation
where it is used. For example, index “1” refers to the equation of momentum balance of the
dispersed phase in the streamwise direction, index ““2” to the equation of momentum balance in
the transversal direction and index “3” to the equation of angular momentum balance. The lower
index in the expressions denotes the specific particle fraction. Analogously we can obtain the
expressions for the second particle fraction. As mentioned above, we consider that the polydis-
persed phase consists of three particle fractions and thus, for these fractions the pseudoviscosity
coefficients can be written as follows:

PATTE (3 V. V B y
V= /%5‘51 s A 4 tsent — )07 — 04 1g 2]

2 j=Lj#1 Yo,

i

—sgn(i _j)Cij[ng — Pitg2y]— D, sgn(i — ) [Qllj — sgn(i _])(lej - ‘Pij)tg 23’1]}’ [49]

36V, +V)(B, HY " N
Ve —\3/;" Y Vit ’){ Y— + cos 2y,[4,,(0Y + sgn(i —j)OY tg 2y,) —sgn(i —j)
P j=1j#i 2\3/:1; 3
C,(PY+ Pitg2y)l+ Dij[%z (3 + cos 2y;) — cos 2y,(QY + sgn(i —j)QVtg 2)},—)]}, [50]

cosy, & o(V.+V, . y
. /_’} % & UV V) p son(i — )RV — RYtgy,]+ G, S% tg 7,

6 i f

»

+ sgn(i —/)SY] — 16 sgn(i — )D,[T{ + sgni —)HTTtgy]},  [51]

| B (V.+ V. D
p,=_ ¥y 5+ V) ’)|:B 1 4 2D 'f‘p”], [52]
P30 VA EY

7

where the coefficients are determined as

(1= kD0, m;
=1 — kW, bR =

au ( n)‘/,ﬂ ij (1 +C) lpl (m +m)

the angle y,; is determined via the correlation as tg y, = (v, /u,), the angle ¢;; is determined via the
correlation as

vsi Uy;

the functions are determined as

5+ b\ 2 0,0; + 6w,
Aij=(a—]—2—j), B;=A,+al+bl, C,-,=”~15(2a + 3b,,)b; (iV-+I;- J),
i j
b (d,w,+ d,w; 5 d,w; + 6w,
3 A B = (a. —b.)b.. = 7b.)b, [ A
= 16< VitV ) Fy= (@ = b)by, - Gy =g Gay+70,) < V,-+V_,>

and the total velocity is ¥, = /uZ + v2 and Vi={/ uy+ vy, i =1,3. The formulae for incomplete
elliptic integrals of the first and second type K“, EV are presented in appendix B. The function H,
oY, 04, Py, Py, QF, QYF, RY, RY, S¥, SY, TV, TY are the functions of the total velocity ¥, and V,
and the angle ¢,;. All of these are defined by [B1]-{13] in appendix B.
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Expansion of the expressions in terms of the Taylor series for small angles ¢,« 1 gives the
following pseudoviscosity coefficients, which are in the self-similar coordinates (in the non-dimen-
sional form):

1 25 3 V. + 7. 4,
vy _ \s/%“’s 7oy w[ A0\, L) — sgni —)C,[N, + 0, tg 27]

v 2 J=1g#i \3/OCT]- E,

ij

‘_%’j sgn(i _j)[Pij —sga(i —j) (Qij —tg 2')71)]:| [53]

i

vi eyl & Rep(Vi+V) (B B, A;jcos 2y,
ML L - d 1—%2 H M
¢ \/:2 .=Z | 7 3 7 ( + i)

J=Lj#i j ij

p— _— —_— 5,' ~ . . k=1 —
—sgn(i —j)Cj;cos 2’171'(01'/' —N;tg 27)+ Fj [3 + cos 27,(1 — Qij — sgn(J _]))Pij tg 2?1‘]}9 [54]

i

3 5 & Rep(V,+V, FR 4GS
E:\s/P;_v“’”' s RVt V)i _p R 46,5, 16D,T,senti )] [55]

Ds: 3 pp i Repj(V + V)[EE 9?1’!']
v P 3] Lj#i \/;j

E;
where the coefficients a,;, b;;, Y, are the same.
The coefficients 4,;, B;;, F;; and the functions C,;, D;;, G,; depend on the angle 7,, which varies
according to the correlatlon tg7,= V,/U,, and the angle ¢, which varies according to the

correlation

[56]

(e

v V.,
Usi Usj )

The functions are:

~  4Qay+3b)b; 6+ @)\ = @, + @;\2 @, + @,
j= TP T D= b o 5a,+7 —rs
Cy 15 vi+v) U A+ (a+b)b Vit V;

7

T

and the total velocity is ¥, =./U%+ V and V,= /U + VZ. The functions E, H;, L;, M, N,
0,.P,;, 0, R, S, T,], are the functions of the total veloc1ty V;and ¥, and angle ¢;;, which are
defined by [C1]-{C12] in appendix C. These coefficients and functions are obtained using the
transformations of the self-similar coordinate system.

As one can see, the obtained pseudoviscosity coefficients are conditioned by the flow (linear and
angular velocity components of colliding particles and their mass concentration), and relaxation
(the particle sizes, ratio of particle material density and the density of the carrier fluid) and also
the collision parameters (restitution coefficient of the normal velocity component and friction
coefficient of the tangential velocity component of colliding particles). One can see that the
pseudoviscosity coefficients generally consist of three terms which describe three correlations: the
correlations of linear-linear, linear—angular and angular—angular particle velocities. By means of
this the peculiarities of the motion of particles in two-phase boundary layers are described. As the
calculations show, the values of the pseudoviscosity coefficients vary due to the value of the
pseudoviscosity coefficient of dispersed phase, which is a factor of 10*-10* greater than that
obtained according to the formula of Einstein v,=2.5Bv (Soo 1971) for a small volumetric
concentration of particles (f « 1), for the values close to the coefficient of laminar viscosity v of
the carrier flow. While using the Einstein formula for calculating the pseudoviscosity coefficients,
the numerical distribution of particle mass concentration will slightly differ from those obtained
by Soo (1971), Osyptsov (1980) and Asmolov (1992). This contradicts our experimental concen-
tration profiles. While using the given interparticle collison model, the influence of the diffusion
processes and hence the pseudoviscosity coefficients on the mass and momentum transfer
intensifies. This provides a satisfactory agreement with the experimental data.



1156 M. HUSSAINOV et al.

0 Lo - .
0 0.5 1.0 1.5 2.0 2.5

U/Uq . Us/Usy,, 0/0y

Figure 10. Numerical profiles of the axial velocity component of gas and solid phases (-,

U, UJU,,, X =100mm, é =12 um) and particle mass concentration x/2,: ——, X = 100 mm,
d=12um,----,. X =170 mm.d =12 ym, -, X = 100mm, d =23 ym; —-—-— X =100mm, é =32 um.
The stream flow velocity U, = 1.5m/s.

4. RESULTS AND DISCUSSION

Figures 10 and 11 represent the numerical distributions of the streamwise velocity components
of the gaseous and the dispersed phases and relative particle mass concentration expressed in
self-similar coordinates for the cross-sections of 100 and 170 mm. Comparison of our experimental
and theoretical results with calculations of other models (Soo 1971; Osyptsov 1980; Asmolov 1992)
is presented in figure 12.

As one can see from figures 10 and 11, the numerical distribution of relative particle mass
concentration in the laminar boundary layer is substantially non-uniform. The concentration grows
monotonously from the outer part of the boundary layer, reaches its maximum at some distance
from the surface and decreases towards the wall up to 20% of its value in the free stream. The
growth of particle mass concentration in the outer part of the boundary layer can be explained
by the penetration of inertia particles inside the boundary layer where the particles slow down. The
following reduction of mass concentration towards the surface can probably be explained by the
diffusion mechanism imposed by the interparticle collision and by their collisions with the surface.
The prevalence of diffusion transfer over the convective transfer near the surface is connected, first,

2 P T
1 a‘*.' ///
0 o
0] 0.5 1.0 1.5 2.0 2.5

U/Uy, Us/Us,, t/o,

Figure 1. Numerical profiles of the axial velocity component of gas and solid phases ( R
Uju, UJU,,., U,=15m/s) and particle mass concentration x/x, for ¢ =12um in cross-section
X = 100 mm for various stream flow velocities: , U, = 1.5mjs; - LU, =3mys.
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Our theory

Theory of other authors

o Experiment

0.1 100

/0 o

Figure 12. Comparison of experimental and numerical profiles of particle mass concentration with
different models. The stream flow velocity U, = 1.5m/s and particle average diameter é = 12 ym in
cross-section X = 170 mm.

with the decrease of convective transfer near the surface, and second, with the intensification of
the diffusion processes. This intensification emanates from the increase of particle velocity
disturbance originated both from their interaction with the surface and from the different influence
of the drag force and two lift forces, those of Magnus and Saffman, imposed on the particles of
different sizes.

According to the numerical investigations, the distribution of particle mass concentration has
its maximum value for fine particles (figure 10, 6 = 12 yum). The maximum mass concentration
decreases with the growth of particle size and the profile becomes less non-uniform (figure 10,
0 =23 and 32 um). It also follows from this figure that the concentration maximum shifts towards
the outer part of the boundary layer for large particles. The influence of increasing free stream
velocity on the concentration distribution is analogous to the influence of the growth of particle
size, as is shown in figure 11. The same tendencies of modification of the distribution of particle
mass concentration have been observed in the experiments.

The existing modes of two-phase laminar boundary layer on a flat plate (Soo 1971; Osyptsov
1980; Asmolov 1992), based on the description of the dispersed phase within the ideal gas
conception, cannot provide the experimentally observed distributions of relative particle mass
concentration (figure 12) since the mass transfer from the diffusion is not taken into account within
those models. The authors calculated the two-phase laminar boundary layer with the
monodispersed particles. Thus they excluded the interparticle collision mechanism from the
consideration and, therefore, the diffusion transfer.

Presenting the dispersed phase within the concept of Newtonian fluid, by introducing the
pseudoviscosity coefficients and specifying the boundary conditions for the dispersed phase, one
can obtain the distributions of particle mass concentration by numerical calculations, which agree
with our experimental data. The given model also describes the tendency of variation of the particle
mass concentration with the parameters of free stream. Thus, the pseudodiffusion coefficient [56]
increases with the growth of particle size or free stream velocity which leads to more uniform
distribution of particle mass concentration.

Some discrepancy in the experimental and numerical results is due to the approximate description
of the composition of the polydispersed admixture and the boundary conditions on the surface,
specifically, when the inpenetrability condition on the surface is set in the form [30] (the particle
collision with the surface is implied to be elastic).

Thus, the model shows the principle possibility for applying the pseudoviscosity approach for
the description of the motion and distribution of solid admixture in two-phase laminar boundary
layer developed on the flow past the unyawed flat plate.
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5. CONCLUSIONS

The distributions of solid admixture in the particle-laden laminar boundary layer on a flat plate
for the Reynolds numbers of flow past Re, =~ 10* have been experimentally obtained. The profiles
of particle mass concentration essentially and systematically differ from those obtained by
up-to-date theoretical models. The presented mathematical model based on the approximation of
the dispersed phase within the Newtonian viscous fluid, taking into consideration the introduced
pseudoviscosity coeflicients, was elaborated for describing the experimental results. The dispersed
phase is considered as polydispersed with finite number of particle fractions that permit
determination of the pseudoviscosity coefficients by the interparticle collision mechanism. The
given model and specific boundary conditions, with the assumption of particle mass flux input into
the boundary layer from undisturbed free stream flow and the diffusion of particles from the surface
inside the boundary layer due to the collisions with the surface allow us to correctly describe the
experimental data. The discrepancy between theoretical and experimental results probably comes
from using both the simplest version of the model, where the dispersed phase is retricted because
only three fractions of particles and the boundary conditions are set for the elastic collisions of
particles with the surface.
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APPENDIX A

The expressions of the velocity differences for the first particle:
Vi — Vig=aiu/1 — 1/ 1 = x3(Vycos ¢ — V,) — xV;sin ¢ sin 6]
+buxx(Vocos @ — V) + /1 —x*V,sin ¢ sin 0] — o[\ /1 — x?sina + y cos o sin 8].  [Al]
= Vi, = alz\/l_——xz[, /1 —x*V,sin @ + x sin 6 (Vycos ¢ — V)]
+buxxVasing — /1 — g3 (Vycos ¢ — V) )sin 8] + ¢pp[/1 — x*cosa — x sina sin 8], [A2]
b12

o 2
W= = —T [(a)] +5—]w2>(1 —x2cos?0) —5—)( sin 0\/Vf+ Vi_2V,V,cos qo:| [A3]
1 1]

and for the second particle:
Vie— Vo =an/1—x21/1 =XV, cos ¢ — V) — gV, sin ¢ sin 0]

+ by xlx(Vycos ¢ — Vz)—\/—l———sz, sin ¢ sin 0] +¢y, [\/1——;(2 sina + y cosa sin 8] [A4],
Vig— Vay = an/1— 211 =27V, sin ¢ — g sin §(V, cos @ — V)]

+b, x[xVisin g + /1 — x%(V,cos @ — V,)sin 8]+ ¢y [\/1 — x’cos B — x sin B sin §], [A5]
b é 2

Why — W, = *% [(w2+5—'w1>(1 — x*cos? 9)—5—)( sin 0./ V3 + V3 —2V,V,cos (p:l [A6]
2 2

which differ from [A1}-{A3] by the coefficients a
of the velocities V;, V,.
Here the variables are:

s» by before the square brackets and transposition

V. 4
COS o = (Vacos @ ) , sing=
JVi+Vi-2V,V,cos ¢

V,sin ¢
JVi+ VI_2V,V,cos @

—(V L Z i
cos f = (Vicos ¢ 5)  sinf= V,sin ¢
JVi+Vi=2V V,cos 0 VVi+Vi-2V,V,cos @
and coefficients are:

, (1—k;) 0w+ 6,w,)b
ap =1 -k, bx2=—(—l%,cu=(l—l%ﬁ,

, -k (0,0, + 0,w,)b
ay =1 -k W,, b21=—(1*+T¢12, Czl=—ll—222—“ﬂ-

up—uy =apy/ 1=’/ - X(Vycos(@ +71,) — Vycos ) — x sin @(V, sin(g + 7)) — V,siny))]
+byx[x(Vycos(@ + ) — V,cos p)) + /1 — x*sin 0(V,sin(p +y,) — V, siny,)]

. [,/1 — XV, sin{p +y,) — V;siny,) +x sin 8(V, cos(p +7,)— ¥, siny,)] (A7]
12 )
VVi+Vi=2V V,cos ¢ JVi+Vi-2V,V,cos ¢

v — v = ap/1— Xz[\/ 1 — x*(V,sin(e +v,) — V,siny,) + x sin (¥, cos(p + 1)
—=Vicos y)l + by x[x(V,sin(e +7y,) — V;sin )+ /1 — x*sin 8(¥; cos

V1= x2(Vacos(@ +y,) — V,cos 7))
JVi+Vi—2V,V,cos ¢
_xsin8(V;sin(g +7v,) — Vysin yl)]
VVi+Vi—2V,V,cos ¢ ’

X (@ +7y,)— V,cos Vl)]'l‘clz[

[A8]
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Uy — Uy =dy /1 — XZ[\/ =y (V,cos(gp +7,) — Vyco8y,) + y sin 0(V sin(o + y,) — Vysiny 1))
+by 1 [x (Vicos(ep + 7,) — Vyc08 7,) _\/1 — 7 sin 6(V, sin(g + y,) — Vysin y,)]

+e I:\/l — (Vysin(p + 7,) — Vysiny,) X sin (¥, cos(p + 7,) — ¥V, cos V:)} [A9]
B VVi+Vi=2V V.cos o VVi+Vi=2V V,cos ¢ '

v —v=an 1= T = (Visin(e +7,) — Vasinyy) — g sin 0V, cos(@ +7,) — Vycos 7,)]

+hayx[x(Vysin(p +7,) — Vaysiny,) +\//1 — 27 sinO(V, cos(g +7,) — V, cos 72)]

¢ [V/?Xz( Vicos(ep +7,) — Vycosy;)

— 2

] \/Vf+V§72V,Vzcosq)

+X sin §(V, sin(¢ + y,) — V,sin "/2):|
VVi+Vi=2V,V,cos ¢ ‘

where the angles y,, 7, are determined from the following relations: u; = V, cos y,, v, = V, sin y, and
= V,cosy,, v, = V,siny,. Formulae for the particle angular velocity fluctuations are the same
s [A3] and[A6], since all transformations have occurred in the plane £0y.

[A10]

APPENDIX B

Some expressions used in section 3.4 are listed in this appendix:

po—| 1 Kifsme] e (BI]
2 ©; EY

 kisin®0.5¢, v, o
Oy = 7y £ ]<] — V’COS‘ 05‘P1,> (B2]
. k2 V V. V.sin o,
0i="0|singf1—— N 1= LGy | B3
: 4E,,[Sm <p,,< y o8 </>,,> ?; V/( 7y ﬂ (B3]
o1 J2V@ k) 4V,( kDK 2V Nsing, B4

3V, k. 3V, ki E' 3V, E'

|k
4v,(1— k2 k2 cos® 0.5, /
P :(‘U)[l _<#> ]{sgn(V, V) — sgn(i *.I’)f

E'Vk:
— k;cos*0.5¢, I —kZcos’0.5¢,
l i ; 1/’ B5
S e = B i

[/
g 2V —k? 1 —k2 20.50,
0/ = [sm 0.50, — sgn(i —j)sen(V,— V)Y ”1( A 9")} [B6)

[NR

EY, k; 1 —k;
‘ — k2 inoe, 4 —k? S,
QY= V/Q’,’( [#2(1 ,k”) b4 20 ], Ky arctg( g0 5(p(/>:|’ [B7)
V.EY k; D kf/‘/’[/ 1 —k,-zf
3 Vv, 2—k3 201 — k") k"7 2A7sin @\ V,
Ri=k; []1 4 — — )|, B8
(=5 V,[ +< % 3k B 3E )V, [BE]

r=? ORI (1Ko 030, (1Ko eor 0.9,
TNV KE —kj — k3

1 —kjcos0.5¢,
1 —k; ’
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o euky 1V Visin ¢,
Si=—24 ] -—<L—IY BI10
1 Ei \/;} V,— (P,*j 3 [ ]

. 2k;sin? 05(,0,]
y=""0___ 7Y Bl
sy= s 03, 7 i
2V, K
Tl{:E_ 7’[ —sgn(i — j)sgn(V,— V) /1 -k}, U:I, [B12]
i
2 k2
Ty = ﬂ/ k,] cos? 0. Sqo,, ’ (B13]
ku Vl 1 _.]lj
where the parameter
o WiV
(Vi + V)

and the variable AY = \ﬁ — k};cos*0.5¢,; are calculated. The values of

- Pji d(p » Pji
Ki= and E7'=| /1—k}cos’0.5¢ do
o /1 —k}cos’0.5¢ 0

are the incomplete elliptic integrals of the first and second type, respectively.

APPENDIX C

Some expressions used in section 3.4 are listed in this appendix:

4v,7,
=TT [C1]
E,= [C2]
_ v I v, ¢
H;= ¢k, \/;[ /1 =Xk sgn(V, — ¥V;) — sgn(i ])TCU\/;%:I [C3]
L;=(0—-k)Hrg27, [C4]
7, = tg 27~ sgli ~ ), [C5]
_ vV, kioh
Ny=1- 3V, E} [Cel
_ 5.V o sgn(i —j =
0,= P | VTBsenr, - 7) - B E VTR ED] e
i Vi
- 2
P,= Y, [1 _V1-K sgn(i — j)sgn(V, — V)] [C8]
Vi E;
5 _ 7%
Qij—ﬁﬁl [C9]

5 v Lt
R,-j=2 l—kz sgn(V V) Sgn(z—J) 6'%0211 g?, u l]f(l_kz+ /I_EIZIE +E2) [CIO]

5, - sgn(; J)<25gn(V VS —kitgy,— \/%Eq’)) [C11]

if

T 27, [1 _sgn(/ —jsgn(V,— V) /1 -k4 + (ﬁ,-jk;f’j:" [c12)

VST B

i™ij



